HAMILTONIAN DYNAMICS ON LIE ALGEBROIDS, UNIMODULARITY AND 

PRESERVATION OF VOLUMES 
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Abstract. In this paper we discuss the relation between the unimodularity of a Lie algebroid : A — > Q and the 
existence of invariant volume forms for the hamiltonian dynamics on the dual bundle A*. The results obtained in this 
direction are applied to several hamiltonian systems on different examples of Lie algebroids. 



Contents 

1. Introduction [l| 

2. Lie algebroids [s] 

2.1. Definitions and notation [sl 

2.2. Examples i 

2.3. The differential associated with a Lie algebroid M 

2.4. The linear Poisson structure associated with a Lie algebroid [g] 

3. Hamiltonian dynamics on Lie algebroids and modular sections 

3.1. Hamiltonian dynamics on Lie algebroids 

3.2. Modular class of a Lie algebroid [sl 

4. Unimodularity and preservation of volumes [HI 

5. Examples |l4 

5.1. Standard mechanical hamiltonian systems ll4 

5.2. Mechanical hamiltonian systems on the dual bundle to an Atiyah algebroid [14 

5.3. Mechanical hamiltonian systems on the dual bundle to an action Lie algebroid ll5 

6. Conclusions and outlook Il6 
References 16 



1. Introduction 

It is well-known that Hamilton equations in Classical Mechanics may be written in an intrinsic 
way using the canonical symplectic structure ujq of the phase space of momenta T*Q. In fact, if 
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H is the hamiltonian energy, the sum of the kinetic and the potential energy, then the solutions of 
the Hamilton equations for H are the integral curves of the hamiltonian vector field 'K^^*'^ of H 

with respect to uq. The flow of Jif/"'^ preserves the symplectic form. Thus, one directly deduces 
Liouville 's theorem: the flow of the hamiltonian vector field preserves the symplectic volume (see, for 
instance, P). 

However, for a hamiltonian system on a general Poisson manifold, not necessarily symplectic, the 
flow of the hamiltonian vector field doesn't preserves, in general, a volume form on the phase space. 
We remark that the existence of invariant volume forms is interesting for reasons of integrability (see 
[8] and the references therein). So, it is important to obtain necessary and sufficient conditions for a 
hamiltonian system on a Poisson manifold admits an invariant volume. In this direction, a very nice 
result was proved by Kozlov [7j: for a hamiltonian system of kinetic type on the dual space Q* of a 
Lie algebra q the flow of the corresponding hamiltonian vector field preserves a volume form on q* if 
and only if the Lie algebra q is unimodular. Note that, in this case, the Poisson structure on q* is 
the Lie-Poisson structure induced by the Lie algebra structure of g. 

Hamiltonian systems on the dual space of a Lie algebra g arise, in a natural way, as the reduction 
of standard left-invariant hamiltonian systems with configuration space a Lie group. More generally, 
hamiltonian systems on Poisson manifolds arise, in a natural way, as the reduction of standard 
hamiltonian systems which are invariant under the action of a symmetry Lie group G. The typical 
situation is the following one (see, for instance, [E]). The configuration space Q of the mechanical 
system is the total space of a principal G-bundle p : Q ^ Q /G. So, the reduced phase space is a vector 
bundle T*Q/G over Q/G and the Poisson structure on it is linear. This implies that the dual bundle 
TQ/G (over Q/G) admits a Lie algebroid structure. In fact, the vector bundle ttq/g '■ TQ/G QjG 
is just the Atiyah algebroid associated with the principal G-bundle p : Q Q/G (see [TT]). 

We recall that Lie algebroids are a natural generalization of tangent bundles and Lie algebras and 
that there exists a one-to-one correspondence between Lie algebroid structures on a vector bundle 
ta '■ A ^ Q and linear Poisson structures on the dual bundle A* (see [21 |TT]). Thus, if we have a Lie 
algebroid structure on the vector bundle ta '■ A ^ Q and a hamiltonian function H of mechanical 
type on A*, we can consider the hamiltonian vector field of H with respect to the linear Poisson 
structure H^* on A* and the corresponding dynamical system on A* . Using this procedure, one may 
recover the standard Hamilton equations (when A is the standard Lie algebroid ttq : TQ — > Q), the 
Lie-Poisson equations (when A is a Lie algebra as a Lie algebroid over a single point), the Hamilton- 
Poincare equations (when A is the Atiyah algebroid associated with a principal G-bundle), the Lie 
Poisson equations on the dual of a semidirect product of Lie algebras (when A is an action Lie 
algebroid over a real vector space),... (see [9l [16]). 

So, a natural problem arise: to find necessary and sufficient conditions for a hamiltonian system 
on the dual bundle to a Lie algebroid ta '■ A Q admits an invariant volume. 

In this paper, we will obtain such conditions. For this purpose, we will use a geometrical object 
associated with the Lie algebroid: the modular class oi ta '■ A ^ Q. 

The modular class of a Lie algebroid A was introduced in [3] (see also [T7j) as follows. We will 
assume that Q and the vector bundle are orientable and we fix a volume form v on Q and a section 
A G T{K^A) such that Ag ^ 0, for all q E Q, where n is the rank of A. Then, v and A induce a 
volume form on A A on A* and the modular section of A with respect to v and A is a section of 
ta* : a* Q whose vertical lift is just the modular vector field of H^. with respect to the volume 
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form z/ A A. We remark that such a vector field is defined using the divergence of the hamiltonian 
vector fields on A* with respect to the volume u /\ K. The modular section defines a cohomology 
class in the cohomology complex of A with trivial coefficients. This cohomology class doesn't depend 
on the volumes v and A and it is called the modular class of the Lie algebroid A. A is said to be 
unimodular if its modular class vanishes. The standard Lie algebroid ttq '■ TQ ^ Q is unimodular 
and a Lie algebra g is unimodular as a Lie algebroid over a single point if and only if it is unimodular 
in the classical sense, that is, the modular character of g is zero (for more details, see [3] and Section 

I32D. 

Using the modular class of the Lie algebroid : A ^ Q we deduce the main results of the paper. 
In fact, if if : A* — > M is a hamiltonian function of mechanical type, we prove the following facts: 

• A is unimodular if and only if the hamiltonian dynamics preserves a volume form on A* of 
basic type. 

We remark that a volume form $ = e"v A A on A*, with a G C°°(/l*), is of basic type if a 
is a basic function, that is, a G C°°{Q). The previous result generalizes Liouville's theorem 
(note that the standard Lie algebroid ttq '■ TQ ^ Q is unimodular). 

• // the potential energy is constant then A is unimodular if and only if the hamiltonian dy- 
namics preserves a volume form on A* . 

It is clear that if we apply this result to the particular case when A is a. Lie algebra we 
recover Kozlov's theorem. 

The paper is organized as follows. In Sections 2 and 3, we recall some definitions and results 
on Lie algebroids, hamiltonian dynamics and modular class which will be used in the rest of the 
paper. Section 4 contains the main results. In fact, in this section we discuss the relation between 
the unimodularity of a Lie algebroid A and the existence of invariant volumes for the hamiltonian 
dynamics on A* (see Theorem 14.11 and Corollaries 14.21 and 14.31) . In Section 5, we apply the results 
of Section 4 to several hamiltonian systems on different examples of Lie algebroids. The paper ends 
with our conclusions and a description of future research directions. 

2. Lie algebroids 

2.L Definitions and notation. Let ta '■ A ^ Q he a, vector bundle of rank n over a manifold Q 
of dimension m. Denote by r(r^) the space of sections of the vector bundle ta '■ A ^ Q. 

Definition 2.1. A Lie algebroid structure on the vector bundle ta '■ A Q is a Lie bracket |-, -Ja '■ 
T{ta) X T{ta) — ^ ^{ta) on the space T{ta) and a vector bundle morphism pa '■ A ^ TQ, the anchor 
map, such that if we also denote by pa '■ ^{'T'a) ~^ ^{Q) the corresponding morphism of C°°{Q)- 
modules then 

[XJY}a = flX,Y}A + Pa{X)U)Y, forX,YeV{TA) andfeC^{Q). 

If ([■, ■]^,/0a) is a Lie algebroid structure on the vector bundle ta '■ A ^ Q it follows that 

Pa{X,Y\a = [pa{X),pa{Y)1 for X,Y e V{ta) (2.1) 

Moreover, if {(f) are local coordinates in an open subset U oi Q and {cq} is a basis of sections of the 
vector bundle t^^{U) U, we have that 

■ d 

[Ca, epjA = Cli^e^, pACa = Pa^i, 
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with C^p, p'a ^ C'^iJJ). The functions C^p, Pa ai'e called the local structure functions of the Lie 
algebroid with respect to the local coordinates (g*) and the basis {cq,}. Using fl2.ip and the fact that 
|-, -Ja is a Lie bracket, we deduce that 

and 



E [P^.^ + ^«.^^M=0- (2-3) 

These equations are called the local structure equations of the Lie algebroid with respect to the local 
coordinates (g*) and the basis {cq}. 

2.2. Examples. Next, we will exhibit some examples of Lie algebroids. 

The Atiyah algebroid associated with a principal G-bundle. Let p : Q ^ Q/Ghe a. principal 
G-bundle. Then, we may consider the tangent lift of the principal action of G on Q and, it is well- 
known that, the space of orbits of this action, TQ/G, is a real vector bundle over Q/G. The vector 
bundle projection ttq/g '■ TQ/G Q/G is given by 

Furthermore, the space of sections T{ttq/g) be identified with the set of G-invariant vector fields 
on Q. Thus, using that the Lie bracket of two G-invariant vector fields on Q also is G-invariant, we 
may define, in a natural way, a Lie bracket on the space T{ttq/g) 

[•, -Itq/g ■ r(rTQ/G) X T{ttq/g) T{ttq/g)- 
On the other hand, the anchor map Ptq/g '■ TQ/G T{Q/G) is given by 

PTQ/G[Vq] = {TgP){Vg), for Vg G TgQ, 

where Tp : TQ — > T{Q/G) is the tangent map to the principal bundle projection p: Q ^ Q/G. 

The resultant Lie algebroid {TQ/G, \-)\tq/g^ Ptq/g) is called the Atiyah algebroid associated with 
the principal G-bundle p : Q Q/G (see [TT]). 

Note that if the Lie group G is trivial and p = id then the Atiyah algebroid may be identified with 
the standard Lie algebroid ttq : TQ Q. 

Another interesting particular case is when the manifold Q is the Lie group G. In this case, using 
that TG is diffeomorphic to the product manifold G x g (g being the Lie algebra of G), we deduce 
that the Atiyah algebroid TG/G may be identified with g (as a Lie algebroid over a single point). 

Finally, if the principal G-bundle is trivial, that is, 

g = G X M, Q/G = M, 
p is the canonical projection on the second factor and the action of G on Q = G x M is defined by 

9(9', = {99', x), for g,g' eG and x G M, 
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then it is easy to prove that the quotient vector bundle ttq/g '■ TQ/G Q/G may be identified 
with the vector bundle Tg^TM '■ x TM — > M. Under this identification, the Lie algebroid structure 
([■, ■]bxtm,Psxtm) on Tgy,TM ■ X TM ^ M is given by 

for i,rj E Q and X, F G X(M), [-, -Jg being the Lie bracket on 0. 

The Lie algebroid associated with a left infinitesimal action. Let g be a real Lie algebra of 
finite dimension and $ : g ^ ^{Q) be a left infinitesimal action of g on Q, that is, $ is a M-linear 
map and 

$([e,r/]0) = -[$(O,$(r/)], fore,r/Gg. 
Then, the trivial vector bundle rA:y4 = gxQ^(5isa Lie algebroid. In fact, the anchor map 
pA-A = Qy,Q^ TQ is given by 

PAi^,q) = -miq), for e A = g X g. 

On the other hand, it is clear that the space of sections T{ta) may be identified with the set C°°{Q, g) 
of smooth functions from Q on g. Under this identification, the Lie bracket [■, -Ja : ^{'^a) x r(r^) 
T{ta) is defined by 

for ip,ip e C°°{Q,g) and q e Q. 

The resultant Lie algebroid is called the Lie algebroid associated with the left infinitesimal action 
$ (see 

2.3. The differential associated with a Lie algebroid. Let (|-, ■]a,Pa) be a Lie algebroid struc- 
ture on a vector bundle ta '■ A ^ Q of rank n and ta* : A* Q he the dual vector bun- 
dle to ta '■ A Q. Then, one may introduce the corresponding differential as a M-linear map 
ci^ : r(AV^*) ^ r(A'=+V^*), k e {0,...,n-l}, given by 

k 

id^a)iXo,X,,...,X,) = ^(-l)VAra(«(Xo,...,X„...,Xfc)) 

i=o (2.4) 
+ ^(-l)^+^a([X„ Xj]a, Xo, Xi, . . . , X„ . . . , X,-, . . . , Xk) 

i<j 

for a G r(AVA.) and Xq, Xi, . . . , X^ G T{ta). 
We have that 

A (3) = d'^a A (3 + (-l)^a A (d"^)^ = 0, 

for a G r(A'^ryi.) and (3 G r(A'^'ryi.). Thus, we can consider the corresponding cohomology groups 

fCer d^ 

H'^A = , for A; G {0, 1, . . . , n} (see [II]). 

Moreover, if (g*) are local coordinates on an open subset U of Q and {cq} is a basis of sections of 
the vector bundle t^^{U) — > U, it follows that 

where {e"} is the dual basis of {ca} and p^, C^^ are the local structure functions of A. 
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On the other hand, if X G ^{ta) one may define the Lie derivative operator 

£^:r(AV)^r(AV) 

as follows 

where ix : T{A''ta*) T{A''~^ ta*) is the contraction by X, that is, 

{ixa){Xi, . . . = a{X,Xi, . . .,Xk-i), 

for Xi,...,Xfc_iGr(r^). 

2.4. The linear Poisson structure associated with a Lie algebroid. Let ([^ Ia^Pa) be a Lie 
algebroid structure on the vector bundle ta '■ A Q. Then, on may define a M-linear bracket of 
functions 

{-, -jA* : C°°{A*) X C°°{A*) C°°{A*) 
which is characterized by the following conditions 

{X,Y}a^ = -fX^rU, {/or^,,XU, =p^(X)(/)or^,, 

and 

{f OTA-, g OTA'} A' = 0, 

for X, y e T{ta) and f,g E C°°{Q). Note that if X G T{ta) then X : A* ^ M is the linear function 
on A* given by 

X(a) = a{X{TA'{a))), for a G A*. 
{■, - ^A* is a linear Poisson structure on A*, that is, 

(i) {-, ■}a* is a Lie bracket on C°°{A*), 

(ii) {■, "Ia* satisfies the Leibniz rule 

for </?,v^',7/; G C^{A*) and 

(iii) {■, "Ia* is linear or, in other words, the bracket of two linear functions on A* is a linear 
function. 

We will denote by 11^* the corresponding linear Poisson 2-vector on A* which is characterized by 
the following condition 

IlA*{d^,di)) = {ip,ilj}A* 

(for more details, see [2]). 

If (g*) are local coordinates on an open subset U of Q and {ca} is a basis of sections of the vector 
bundle t~^^{U) ^ U we have that 

where {q\Pa) are the corresponding local coordinates on A* and PayCl/^ are the local structure 
functions of A. 

Next, we will describe the linear Poisson structure on the dual vector bundle of some examples of 
Lie algebroids. 
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• If A is the standard Lie algebroid Ttq : TQ — > Q then the local structure functions of 
ttq : TQ Q with respect to the local coordinates (g*) on Q and the local basis {^} are 

Pa = CI, = 0. 

Thus, {■, ■}t*q is the linear Poisson bracket induced by the canonical symplectic structure of 
T*Q (for the definition of this structure see, for instance, [1]). 

• If A is a real Lie algebra g of finite dimension then pA = Pg is the zero map and {■, -jg* is the 
Lie-Poisson structure on q* induced by the Lie algebra g (for the definition of this structure 
see, for instance, p!3]). 

• Ifp:GxM— i>Misa trivial principal G-bundle then the dual vector bundle of the Atiyah 
algebroid Tq^tm '■ x TM ^ M is the vector bundle Tg*xT*M '■ Q* x T*M —>■ M and the hnear 
Poisson structure on g* x T*M is just the product of the Lie-Poisson structure on g* and the 
canonical symplectic structure of T*M. 

• If $ : g — > X((5) is a left inifinitesimal action of a Lie algebra g on a manifold Q then the dual 
vector bundle of the corresponding action Lie algebroid is the vector bundle tq^^* : Qxg* Q 
and the linear Poisson structure on Q x g* is characterized by the following conditions 

{^^^}Qxg* = -[C,^]g, {/0 7-Qxg.,r/}Qxg* = $(^)(/) O^Qxg*, 

and 

{/ O T-Qxg-,5' O rQxg*}Qxg* = 0, 

for /,(7GC-(Q) ande,r/Gg. 

3. HAMILTONIAN DYNAMICS ON LlE ALGEBROIDS AND MODULAR SECTIONS 

3.L Hamiltonian dynamics on Lie algebroids. Let ([^-Ja^Pa) be a Lie algebroid structure on 
a vector bundle ta : A ^ Q and 11^* be the corresponding linear Poisson 2- vector on A* . 

If : A* — > M is a hamiltonian function on A* then one may consider the hamiltonian vector field 
?{^'^* of H with respect to the Poisson structure IIa*, that is, 

'K^^*{F) = {F,H}a* = UA*{dF,dH), for F e C°°(A*). (3.1) 

The solutions of the Hamilton equations for H are just the integral curves of :Kh^* . 
From (12.51) and (13. ip . we deduce that the local expression of ^K'h^* IS 

Thus, the Hamilton equations are 

dt ~ ^dq^P^^ dpp^'^^^'' 

(for more details, see [9]). 

If A is the standard Lie algebroid ttq ■ TQ Q the Hamilton equations for H : T*Q M are 

dq^ dH dpi dH 
dt dpi ' dt dq^ ' 
that is, the standard Hamilton equations (see, for instance, [1]). 
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For a real Lie algebra g of finite dimension we have that the Hamilton equations for H : g* 



are 



dt ~ ^^-^^ 

where c^^ are the structure constants of g with respect to a basis {ca}. Note that fl3.3l) are just the 
Lie-Poisson equations for H (see, for instance, [IS])- 

If if : g* X T*M — s> M is a hamiltonian function on the dual bundle of the Atiyah algebroid 
TgxTA/ • X TM M then the Hamilton equations for H are 

dg* dH dpi dH dpa dH ^ 

'dt^dii' 'dF^~W ^ ' 

where {paiq^iPi) are local coordinates on g* x T*M and c^^^ are the structure constants of g with 
respect to a basis of g. (13.41) are just the Hamilton-Poincare equations for H (see, for instance, [9]). 

3.2. Modular class of a Lie algebroid. Let (|-, ■]a,Pa) be a Lie algebroid structure on a vector 
bundle ta '■ A ^ Q oi rank n with base manifold Q of dimension m. 

We will assume that Q and the vector bundle ta '■ A —* Q are orientable. 

If a is a section of ta* : A* ^ Q we will denote by G X{A*) the vertical lift of a. We recall that 

«''(7g) = 4 ilq + to(g)), for 7g e A*. 
at\t=o 

Lemma 3.1. Let u be a volume form on Q and A be a section of the vector bundle Tiynj^ : K^A Q 
such that A(g) 7^ 0, for all q & Q. Then, there exists a unique volume form u A A on the dual bundle 
A* to the vector bundle ta ■ A ^ Q such that 

u A A(Zi, . . . ,Zm,al, . . . ,al) = v{Zi, . . . , Z„)A(ai, . . . , (3.5) 

for ai, . . . , a„ G r(r^.) and Zi, . . . , Z^ vector fields on A* which are TA*-projectable on the vector 
fields Zi, . . . , Zm on Q. 

Proof. We can choose local coordinates (g*) on an open subset U oi Q and a basis of sections {cq} 
of the vector bundle t^^{U) — > U such that on U 

u = e'^'^dq^ A--- Adq"^, A = Ci A ■ ■ ■ A e„, with G C°°(t/). 

If {q^,Pa) are the corresponding local coordinates on A* then on the open subset t^}{U) of A* we 
consider the volume form 

{u A A)^-^i(^) = e'^'^dq^ A ■ ■ • A dq"^ A dpi A ■ ■ ■ A dp^. 

A direct computation proves that {u A A)^^l^^^ satisfies (13.51) . 

On the other hand, if $ is a volume form on t^}{U) such that (13.51) holds then it follows that 

$ = (z/AA),^i(j,). 

This proves the result. □ 
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Suppose that z/ is a volume form on Q and that A G r(rA«^) satisfies A(g) 7^ 0, for all q E Q. 
Then, we can consider the modular vector field ISi"^^ G X(/l*) of the linear Poisson structure on A* 
with respect to the volume form u /\ K on A* . M'^^^ is given by 

W'^^iH) = c/^^AA)(^5^*), for H G C°^{A*), (3.6) 

where div(^uAA)i'^^'^*) is the divergence of the hamiltonian vector field of H with respect to 

the volume form u A A (see |17j). 

We have that M^''^^^ is the vertical lift of a section M^'^'^) G T{ta*), that is, 

jV^C.'AA) _ (3v[(-,A))v^ ^3^7) 

jyjC'^.A) jg modular section of A with respect to u and A (see [31 [T7]). 

Denote by Qa the section of the vector bundle ta^a* : A"y4* — Q characterized by 
n^iXu . . . ,X„)A = Xi A ■ ■ ■ A X„, for Xi, . . . ,X„ G r(rA). 
It follows that ^^{q) 7^ 0, for all q E Q. Moreover, 

M^^'^H^) = t^«tv(pA(X)) - divn^X, (3.8) 
where div^^^X is the divergence of X with respect to f^A, that is, 

L^^A = (rf2Wf7A^)^A 

(for more details, see [31 fTTj). 

If (g*) are local coordinates on an open subset U of Q and {e^} is a basis of sections of the vector 
bundle t^^{U) — > U such that 

u = e'^vdq^ A ■ ■ ■ A dg"", A = Ci A ■ ■ ■ A e„ 

then, from (13.81) . we deduce that 

M'-) = (Cf, + ^+pL^)e''. (3.9) 

We also have the following result 
Proposition 3.2. [3] 

(i) M'-'^'"^-' is a 1-cocyde, that is, 

(ii) The cohomology class o/M^'"'^^ doesn't depend on the chosen volumes v and A. In fact, 

Jy^{e-u,e^A) ^ ^(.,A) ^ ^A^^ ^ ^ ^ ^ (Q) . (3.10) 

The cohomology class of M*^'''^^ is called the modular class of A. 

The Lie algebroid ta '■ A Q is said to be unimodular if its modular class is zero, that is, there 
exists a real C°°-function on Q, a : Q ^ M, such that 

If (g*) are local coordinates on an open subset U of Q and {ca} is a basis of sections of the vector 
bundle t^'^{U) U such that 

u = e'^udq^ A ■ ■ ■ A dq"^, A = Ci A ■ ■ ■ A e„ 
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then, using (13. 9p . we deduce that M^'^'^) = -rf^a if and only if 

+ ^ + Pa I, = 0, for all a. 



Next, we will discuss the unimodularity of some example of Lie algebroids. 

Let A be the standard Lie algebroid ttq : TQ Q. Then, the linear Poisson structure on 
n^.Q is induced by the canonical symplectic structure ^t*q- In addition, it is well-known that 
the hamiltonian vector fields on T*Q preserve the symplectic volume. Thus, the Lie algebroid 
Ttq '■ TQ — Q is unimodular. 

On the other hand, if g is a real Lie algebra of finite dimension then, from (13. 9p . it follows that 
the modular section of q with respect to 

A = ei A • • ■ A e„, 

{ca} being a basis of g, is just the modular character of g (see [3]). Therefore, our notion of a 
unimodular Lie algebra coincides with the classical definition of a unimodular Lie algebra. 

Now, we consider an Atiyah algebroid Tqxtm '■ g x TM M, with g a real Lie algebra of finite 
dimension and M a smooth manifold (see Section [2^ . Let z/ be a volume form on M and {ca} be 
a basis of g. Denote by Xu the m- vector on M given by 

Xu{ai, • • • , ctm)'^ = ai A ■ ■ ■ A for ai, . . . , e Q^{M). 

Then, 

A = A ei A ■ ■ ■ A e„ e r(A"(g x TM)) and A(x) ^ 0, for all x e M. 
Moreover, from (13.81) . it follows that 

M('^'^)(X) = 0, M(''''^)(eJ=M0(eJ, 

for X G X(M), where Mg is the modular character of g. Note that, in this case, 

fi^ = A A ■ ■ ■ A e", 

{e°} being the dual basis to {ca}. 

Thus, the Lie algebroid t^xtm '■ Q x TM —>■ M is unimodular if and only if the Lie algebra g is 
unimodular. 

Finally, suppose that $ : g — X{Q) is a left infinitesimal action of g on the manifold Q and that 
'^sxQ : g X Q — Q is the corresponding action Lie algebroid. Then, t^^q : g x Q — Q is unimodular 
if and only if there exists a G C°°{Q) such that 

divMO - ^m^) = ^£,(0, for i G g, 

where i/ is a volume form on Q and Mg G g* is the modular character of g. In particular, if 
g is a unimodular Lie algebra and the infinitesimal action preserves a volume form on Q then 
TgxQ : g X Q — Q is a unimodular Lie algebroid. 
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4. UNIMODULARITY AND PRESERVATION OF VOLUMES 

Let ([■, -JtIjPa) be a Lie algebroid structure on a vector bundle ta '■ A Q oi rank n with base 
manifold Q of dimension m. 

In this section we will assume that Q is orientable and that the vector bundle : A Q also is 
orientable. 

Now, suppose that S is a bundle metric on A and that V : Q ^ 9. is a. real C°°-function on Q. 
Then, we can consider the hamiltonian energy H : A* given by 

H{a) = ]^^{a,a) + V{TA*{a)), for a e A*. (4.1) 

In other words, H is the sum of the kinetic energy and the potential energy. 

We will denote by G r(rA'M) the volume induced by 9, that is, is characterized by the 
following condition 

AS(g)(eJ,...,e^) = l, for all g eg, 

where {e^, . . . , e^} is an orthonormal basis of A* with positive orientation. 

We will fix a volume form v on M. Then, if $ is a volume form on A* we may suppose, without 
the loss of generality, that 

$ = e"i/ A AS, with a e 

The volume $ is said to be of basic type if 5" is a basic function, that is, there exists a real C°°-function 
/i : Q — > M such that 

y(i o ta* = cr. 

Note that this definition doesn't depend on the chosen volume form u. In fact, one may prove that 
$ is a volume form of basic type if and only if 

£av$ = 0, for a G T{ta*), 

£ being the Lie derivative operator. 

Using the function a one may define the following objects: 

• A real C°°-function cr : Q ^ M given by 

a{q) = a(0(g)), for all q E Q, 

where : Q ^ A* is the zero section of ta* : A* ^ Q. 

• The vertical derivative of a 

¥a: A* ^ A 

defined by 

(3g(¥a{ag)) = ^ a{ag + t/3g), for a^, (3g e A* (4.2) 
at\t=o 

Now, we will prove the main result of this paper. 

Theorem 4.1. Let H : A* ^ W be the hamiltonian energy induced by a bundle metric S on A and 
a potential energy V : Q ^ R. 
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(i) // A is unimodular then the hamiltonian vector field CK^'** of H with respect to the linear 
Poisson structure Ha* preserves a volume form on A* of basic type. In fact, if M.^'^'^''^ = 
—d^a, with a G C°°(Q) and M^'"'^^^ the modular section of A with respect to the volumes v 
and A^, we have that preserves the volume form on A* 

$ = e'^z/ A A^. 

(ii) // the hamiltonian vector field preserves a volume form $ on A* , 

$ = e^uAA^, 

then 

{bg\M^'^'''^'^)y o = (TFa o (d^vy) o 

where 'M^'^""'^''^ is the modular section of A with respect to the volumes e'^u and A^, v is the 
vertical lift, T¥a : TA* — > TA is the tangent map to ¥a : A* —>■ A and bg : ^{ta) — ^ ^{ta*) 
is the isomorphism of C°°{Q) -modules induced by S- 

Proof, (i) Since A is unimodular, we deduce that there exists a real C°°-function fi on Q such that 
Thus, from (13.101) . it follows that 

This implies that M^""'^^^') = (M^"'''''^'))^ = (see (fSIZD)- In particular, 

= M^'^'^^'Hh) = dzi;(,.,^AS)(?{S-^*). 
Therefore, the hamiltonian vector field J-C^^* preserves the volume form of basic type 

$ = e'^z/A A^. 

(ii) Suppose that (g*) are local coordinates on Q such that 

p = e'^'^dq^ A-'-Adq"^ 

and that {ei, . . . , e„} is a local orthonormal basis of T{A) with positive orientation. Then, 

A^ = d A ■ ■ ■ A e„. 

Moreover, if {q\pa) are the corresponding local coordinates on A*, we have that (see (14.11) and the 
proof of Lemma 13. ip 

H{q\p^) = ^J2iPo.? + = e^e'^udq^ A--- Adq"" AdpiA--- Adpn. (4.3) 

a 

Thus, from ^Bl, dSHD. dSH) and (Q, it follows that 

= e^e''u:KH'''{a)dq^ A--- Adq"^ AdpiA--- Adpn 

+e'^e'^^(^ + Cf^ + pl,-g^)Padq' A ■ ■ ■ A dq"^ A dp, A ■ ■ ■ A dp^. 

Therefore, using (13. 2p and (14. 3p . we deduce that 

da , dV da da . . dp' ,■ darj , 
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Now, if we take the derivative of the above expression with respect to the variable p^, we obtain that 

_ i^.i 9"^^ _ ^ i ^^cr _ dd_ 

Consequently, along the zero section : M — s> A, we have that 

p , ^ V — ^ + — -^i + CL = TT-plii^ — 7r-)Mo), for all u. (4.4) 
On the other hand, from f l4.2p . it follows that 

¥a{q\p^) = {q ^ 



This implies that 



™o(.vr.f,,^)A. (4,5) 



(ki'(M<--=))r = + ^ + c„g^. (4.6) 



In addition, since {cq,} is an orthonormal basis, we have that 

bg(eo) = e", for all a. 
Thus, from (I3.9p and fl3.10p . we deduce that 

dq' dq' ^^'dp^' 

Therefore, using fl4.4p . fl4.5p and fl4.6p . we prove the result. □ 

Note that if a is a basic function then, from (14.50 . it follows that 

tfct o {d^vy = 0. 

Consequently, using Theorem 14.11 we obtain that 

Corollary 4.2. Let H : A* ^ W be the hamiltonian energy induced by a bundle metric on A and a 
potential energy V : Q ^ Then, A is unimodular if and only if the hamiltonian vector field CK^'** 
of H preserves a volume form on A* of basic type. In fact, z/M^'^'^'''' = —d^cr, with a G C°°{Q) and 
jy^C'^.A-') ifiQ modular section of A with respect to the volumes v and A^, we have that IK^"^* preserves 
the volume form on A* 

$ = e'^z/ A A^. 

From Theorem 14.11 we also obtain the following result 

Corollary 4.3. Let H : A* —^^be the kinetic energy induced by a bundle metric on A (in this case 
the potential energy is constant). Then, A is unimodular if and only if the hamiltonian vector field 
^ij'^* preserves a volume form on A*. In fact, iflA^^'^''^ = —d^cr, with a G C'^{Q) and M*-'''^^^ the 
modular section of A with respect to the volumes v and !S? , we have that 'K^^* preserves the volume 
form on A* 
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5. Examples 

5.1. Standard mechanical hamiltonian systems. Let Q be a smooth manifold of dimension m 
and H : T*Q — M be a hamiltonian function, 

H{ci) = ^S(a, «) + V{TT*Q{a)), for a G T*Q, 

with S a Riemannian metric on Q and V : Q ^ M. the potential energy. In this case, our Lie algebroid 
is the standard one ttq : TQ Q. As we know (see Subsection 13.21) . ttq : TQ ^ Q is a. unimodular 

Lie algebroid and, thus, the hamiltonian vector field "Kf^*^ preserves a volume form $ on T*Q of 
basic type (see Theorem 14.11) . In fact, we may take $ = fig, where VLq is the canonical symplectic 
structure of T*Q (note that if Z is an arbitrary hamiltonian vector field on T*Q then Lz^q = 0). 

5.2. Mechanical hamiltonian systems on the dual bundle to an Atiyah algebroid. Let 

Q = G X M he total space of a tricial principal G-bundle over a manifold M of dimension m. Then, 
the Atiyah algebroid associated with the principal bundle is the vector bundle t^xtm '■ Q x TM — > M, 
where g is the Lie algebra of G. Thus, if S is a bundle metric on Tqxtm '■ x TM — > M and V : M 
is a real C°°-function on M, we may consider the hamiltonian function H : g* x T*M M given by 

for {a,p) EQ* X T*M. 

Denote by j{^b*xt*" hamiltonian vector field of H with respect to the linear Poisson structure 
Hg'xT'M on 0* X T*M. Then, using Corollary 14. 21 (see also Subsection 13.21) . we deduce that the vector 
field Jij/*'^'^*^^ preserves a volume form $ on g* x T*M of basic type if and only if g is a unimodular 
Lie algebra. In fact, if g is unimodular and {ca} is a basis of g then we may take 

^ = dpi A - ■■ A d'Pn A fi^^ 

where pa are the (global) coordinates on g* induced by the basis {cq,} and VLm is the canonical 
symplectic structure on T*M. 

Note that in the particular case when M is a single point then the potential energy V is a, constant 
and the linear Poisson structure on g* x T*M ~ g* is just the Lie-Poisson structure of g*. Thus, 
we recover a result which was proved by Kozlov [7]: the hamiltonian vector field "K^* preserves a 
volume form on g* if and only if g is unimodular. 

A very simple example of a mechanical system on an Atiyah algebroid is the Elroy's beanie: two 
planar rigid bodies attached at their centers of mass, moving freely in the plane (see [ini [IS]). In 
this case: 

• The manifold M is and the Lie group G = SE{2). 

• The bundle metric S on T,e(2)xTS^ ■ se(2) x TS^ ~ x {S^ x R) ^ is given by 

S(^)(((ei,6,e3),t), m,e2,Q,t')) = mi^.^l + 6^2) + ih + ^2)^3^3 + htt' + 12(^3^' + ^^3) 

for 6 G S^, (^1, ^2, ^3), (^1, ^3) ^ se(2) ~ and t, t' G R, where m, Ji and I2 are constants. 

Since se(2) is a unimodular Lie algebra, we deduce that the hamiltonian dynamics on se(2)* x 
T*S'^ ~ R'^ X [S^ X R) preserves the volume form 

^ = dpiA dp2 Adps Ai/j A dt, 
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where ip is the length element of S^. 

5.3. Mechanical hamiltonian systems on the dual bundle to an action Lie algebroid. Let 

$ : ^ X{Q) be a left infinitesimal action of g on a manifold Q and t^xq : q x Q ^ Q he the 
corresponding action Lie algebroid. Suppose that < ■, • > is a scalar product on g, that V : Q ^ IR is 
a real C°°-function on Q and that H : g* x Q ^ M. is the corresponding hamiltonian function given 

by 

H{a, q) = - < a,a > +V{q), for a E Q* and q E Q. 

Denote by IK^"*^'' the hamiltonian vector field of H with respect to the linear Poisson structure 
Hg.xQ on Q* X Q. Then, using Corollary 14.31 (see also Subsection 13. 2p we deduce that the hamiltonian 

vector field 'Kj/*^'^ preserves a volume form $ on g* x Q of basic type if and only if there exists a 
real C°°-function a : Q ^ M such that 

divMO - mi^) = Mg(0, for all e e g, (5.1) 

where u is an arbitrary volume form on Q and Mg is the modular character of g. Moreover, if fl5.ll) 
holds and {ca} is a basis of g we may take 

$ = e'^dpi A • ■ ■ A dpn A z/ 

where (p^) are the global coordinates on g* induced by the basis {cq}. 

Note that if the Lie algebra g is unimodular (that is, Mg = 0) and the left infinitesimal action 
preserves the volume form u (that is, divy(^{^) = 0, for all ^ G g) then (15. ip holds (we may take 
(7 = 0). As a particular example we can consider an interesting mechanical system: the heavy-top 
(see [HI). In this case: 

• g = so(3) ^ is the Lie algebra of the special orthogonal group 50(3) and M is the sphere 

• $ : so(3) — * is the left infinitesimal action induced by the standard left action of the Lie 
group 5*0(3) on 5^. 

• The scalar product on g = so(3) is given by 

< UJ, Oj' >= ijJ ■ loj, 

I being the inertia tensor of the top. 

• The potential ^ : 5^ ^ M is defined by 

V{x) = mglx ■ e, for x E 5^, 

where e is the unit vector from the fixed point to the center of mass and m, g and I are 
constants. 

Note that the action of 50(3) on 5^ preserves the symplectic volume u of 5^ and that g = so(3) 
is a unimodular Lie algebra. Thus, the hamiltonian dynamics preserves the volume $ on g* x 5^ ~ 
so{3)* X 5^ ~ X 52 given by 

$ = dpi A dp2 A dp3 A u. 
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6. Conclusions and outlook 

We have proved that a hamiltonian system of mechanical type on the dual bundle to a Lie algebroid 
A preserves a volume form on A* of basic type if and only if A is unimodular. In addition, if 
the potential energy of the hamiltonian function is constant then we deduce that the hamiltonian 
dynamics preserves a volume form on A* (not necessarily of basic type) if and only if A is unimodular. 
These results generalize Liouville's theorem (see [1]) and a previous result for Lie-Poisson equations 
which was proved by Kozlov [7j. 

On the other hand, after we finished this paper, we obtained some examples of hamiltonian systems 
of mechanical type (with non-constant potential energy) on the dual bundle to a non-unimodular Lie 
algebroid which preserve a volume form of non-basic type. So, it would be interesting to discuss the 
existence of such volumes on non-unimodular Lie algebroids. This will be the subject of a separate 
publication. 

Another goal we have proposed is to extend the results of this paper for non-holonomic mechanical 
systems on Lie algebroids (see [1]). Previous results in this direction for some particular classes of 
Lie algebroids have obtained by several authors (see [SI [H El fT8]). 
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